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Abstract. Fourier analysis plays a central role in the modern physics, engineering, and
mathematics itself. In the field of differential geometry, a Lie group G gives a symmetric
structure, and one may apply the Fourier analysis by means of matrix-valued irreducible
representations. Even though the entries of these irreducible representations are already shown
to be the eigenfunctions of the Laplace-Beltrami operator, it is still desirable to consider a
concrete example where both the operator and the irreducible representations can be computed

explicitly. This study gives an explicit form of the Laplace-Beltrami operator on SO(3) using

direct computations and show also that each entry of the irreducible representations o,; is indeed

an eigenfunction of this operator. Therefore, one can also find the application of the Fourier
Analysis on differential equations, in this study Poisson’s equation as an example, using the
Laplace-Beltrami operator as the corresponding differential operator. Overall, these results shed
light on guiding further exploration of Fourier analysis.
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1. Introduction
Fourier analysis is frequently used in various mathematical aspects. In the case of the Euclidean space
R™, one can define the Fourier transform as in the Chapter 5 of Stein’s Fourier analysis [1]. The extreme
importance of Fourier analysis on solving differential equations is that one may find an orthonormal
basis {bj (x)} of L?(R™), and in more general cases L?(M) for M being a measure space, such that this
basis is also a family of eigenfunctions for some operators T: L?2(M) — L?(M) (especially differential
operators). Then if there is an equation T' (1) = f, one may take the Fourier expansion, and use the fact
that b; is an eigenfunction of T to obtain the new equation that is easier to solve:
() azb; () = F ()b () (1)

Finding such basis can be done quite directly in L?(R™), one basis with T = 02 + -+ + 0zn is
bj(x) = e?™U%) where j € R™. One may be ambitious to consider the more general case when M is a
Lie group GL(n) (such that M is a smooth manifold where one can define functions on it and tangent
vectors as differential operators on it). This is no mean feat. Because in general the matrix multiplication
is not commutative, one can no longer use b;(x) that is an element on the complex unit circle, for this
would be commutative.

© 2023 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
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The difficulty does not only appear in the choice of orthonormal basis, but also appear in the choice
of differential operator, and in this passage the Laplace-Beltrami operator. Alexander Grigor’yan
contributed a lot to the analysis on Riemannian manifolds, and in his papers, he considered many abstract
measure spaces and differential operators [2, 3]. He analyzed their consequent eigenvalues, properties
of measures, capacities, and volume growth.

In Sugira’s work, many useful properties were introduced when the Fourier analysis on Lie groups
was considered, and by Shur’s lemma, he also showed that each entry of the irreducible representations
of a Lie group is an eigenfunction of the corresponding Laplace-Beltrami operator defined in the usual
way [4]. However, this study will not continue these evaluations of abstract properties, and instead
consider a concrete example of a measure space SO(3), and the explicit expression of the Laplace-
Beltrami operator defined on this space. According to Dym and Vilenkin, the Fourier analysis in special
cases when M = S0(3), and M = SU(2) are considered [5, 6]. Unfortunately, Dym didn’t give the
definition of a Laplace-Beltrami operator on SO (3) and therefore missed a fruitful relationship between
Fourier analysis and differential equations, which this study should now consider.

In section 2, preliminaries about the Fourier analysis on SO(3) are listed. There is a parametrization
of SO(3) will be found, and therefore the integration will be defined. Useful properties that the
integration is left- and right-translation invariant are proved there. Then this study will arrive at the
Fourier analysis, which is considering (2n + 1) X (2n + 1) matrices o,, instead of the characters used
in commutative cases, such as e2™U¥) ijn R™. A property that the Fourier transform actually converts
the algebra of convolutions to the algebra of multiplications is derived at the end of section 2, which is
conducive to the solutions of differential equations in section 4. The desired Laplace-Beltrami operator
is defined in section 3.1, with quite explicit formulas and computations. Section 3.2 also contains the
fact that each entry of o,, is an eigenfunction of the Laplace-Beltrami operator defined in section 3.1.
Section 4 will utilize this fact of 0,, and derive solutions to some important differential equations on
S0(3). Therefore, since the sphere S? is simply a subspace of SO(3), one may derive the solutions to
the corresponding differential equations on S2.

2. Preparations

2.1. The parametrization of SO(3)
The parametrization of a matrix in SO(3) used in the passage is given by the Euler angle (¢, 6,1), where
an arbitrary matrix h can be written as

cosBcospcosp —sinyYsing —cosBsiny cos@ —cosysing sinf cos @
h(p,6,p) = |cosBcosysing +sinypcosep cosypcosp —cosfsinysing sinfsing| (2)
—sin @ cosy sinf siny cos 6

with h(:,-,-):[0,2m] X [0, ] X [0,27] the matrix-valued identification map. Therefore, if one knows
each entry h;; of a matrix, its Euler angle is given by

(p,0,¥) = (arctan %, arccos hs3, arctan(— %)) 3
13 31

2.2. Integration on SO(3)

A measure y on SO(3) is a map from measurable sets to non-negative real numbers, such that
U(Un=o En) = Ym=o U(Ey), where E; are disjoint measurable sets [7]. Using the parametrization given
in section 2.1, one may define such measure by means of product measure (4 X B) = pu, (A)u,(B),
for A € {h € SO3)|h = h(p,0,0)},and B € {h € SO(3)|h = h(0,0,1)}. Therefore, the integration is

1 1 (2 1 1.
defined to be fso(g)f(g)dg = Js (E fonf(gh(0,0, zp))dlp) do(x).The constant — and — is
made so that | 50(3) dg = 1. An important observation is that the integration defined in this way is both

right- and left-translation invariant, which is

f(gh)dg = f(hg)dg = f(g)dg €
50(3) s0(3) 50(3)
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The proof is given by Dym, and this study will use the above property in the following sections [5].

2.3. Fourier analysis on SO(3)/K

Following the steps of Dym [5], K is defined to be {h € SO(3)|h = h(0,0,¥)}. SO(3)/K the space of
cosets. An orthonormal basis of L? (S0(3)/K) of extremely importance is e}, (x), which is constructed
as follows. Let p,, (x) be the Legendre polynomial, and define p,, (h) = p, (cos 8), where 6 is given by
h(p,0,¥) . p(h) = p,(gh) for all g € SO(3) span a subspace M, of L? (S0(3)/K) . Picking
orthonormal basis e} (x) of M,, gives the Fourier expansion of fiy (x) by ¥, f pJ (h)en(h)dh el (x).
The computation that Dym did gives us the addition formula [5]

Png ™) = 5 ) ek (gek( )
l

By the above formula, the dimension of M,, is 2n+1, and the following expression can be established.
eTll (g) = (Zn + 1) fso (3) ﬁn (g_lh) e‘rll (h)dh = (Zn + 1) f50(3) ﬁn (h_lg)e}l(h)dh (6)

The last equality is because for a function f: SO(3) — R that is constant on each double coset KgK,
f(g) = f(g™D), for arbitrary g € SO(3). This is indeed the case for p,, since the value of f,, is only
determined by 6.

2.4. Fourier analysis on SO(3)
For g € SO(3), a matrix 0,(g) is defined in Dym’s Fourier Analysis such that

0l (g) = f el (gh)el () dh e
SO (3)

matrices defined in this way will be considered irreducible representations, and therefore a function f €
L?(S0(3)) has the following expansion

f@) = ) @n+ Der (fmon(9)) ®)
with f bea (2n + 1) X (2n + 1) matrix,n\;?lere each entry is defined to be
fmi =] f@on(g)dg ©)
50(3)
or equivalently
fa=[ st (9)dg (10
50(3)

where (-)* is denoted as the conjugate transpose of a matrix. The proof that every function in L?(S0(3))
can be written in this expansion is given by Dym in his Fourier Analysis [5]. Here, the proof

of (f1 f2) = fofi is given in addition, where * is the convolution defined as f*g =

f50(3)f(kh 1 g(h)dh.One notices that Y?__. o (g)ok] (h) = 0” (gh), where the first equality is

given by formula (7), the fourth equality is simply the usage of addition formula, and the fifth equality
utilizes the fact that §,, is constant on each double coset, so §,,(g) = P,(g~1). The sixth equality is
given by formula (6) and p,, being real-valued function, and using the translation invariant property of
the integral one finds the seventh equality. Now, with the multiplicative property given above, one can

show (fl f2) = f2f1

3. Explicit form of Laplace-Beltrami operator on SO(3)
It is well-known that a Laplace-Beltrami operator on an arbitrary manifold can be defined by the
following equation

1 .
=\/?_tg61 detg gll 6] ) (11)
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where g is a matrix valued function corresponds to a Riemannian metric (-, )4 such that (v,w)g =
Rij<3 i jdxidxj )vw [8], the determinant of g is denoted by det g, and each entry of its inverse matrix
is denoted by g¥.

3.1. An explicit formula of the Laplace-Beltrami operator on SO(3 )

Using the exponential map e(?:S0(3) - SO(3) ,where e = ¥ 0 together with the Lie algebra
g € s0(3) on SO(3), the vector space T,SO(3) at h is isomorphic to hso(3) = {hglg € s0(3)}[9], so an
arbitrary vector field Ly: C*(S0(3)) » C*(S0(3)) is defined by Lyf (h) := Ef(hetg)ltﬂ), for a
smooth function f € C °°(S 0 (3)) and matrix h € SO(3) [10]. The basis of s0(3) is as follows:

0 -1 0 0 0 1 0 0 O
0 0 O -1 0 0 0 1 0
It is not hard to compute

cost —sint 0 cost 0 sint 1 0 0
e%! = |sint cost 0],e%'=]| 0 1 0 |,e'=[0 cost —sint (13)

0 0 1 —sint 0 cog t 0 sint cost
By denoting the tangent vector d;(f (h)) = Lg.f(h) = - f(he%iY)|,—, at an arbitrary point h €
S0(3), (04,05, 83) is indeed a global frame for the space of vector fields on SO(3). That is, each vector
field Ly: C °°(S 0 (3)) ->C °°(S 0 (3)) can be written as a linear combination of Ly,. This is indeed the

case, because by considering g = g;t; + gyt; +g3t3,Lyf(h) = %f(hegt)ltzo = (1:1Lg1 + tyLg, +

t3 Lgs)( f)(h) . The Riemannian metric used in this study is given by (v,w) 4 = tr(j(v)"j(w)). Hence,

gij 1s given by tr(git gj) = 28;j, where ¢;; is the Kronecker symbol. Therefore, the Laplace-Beltrami
operator can be simplified as

= J%_tgai det g gUd; =~ (37 + 0% + 03 (14)

It is desirable to compute 04, d,, dsrespectively. Using the parametrization defined in section 2, the

computation is as follows. Since h, = he%t is a matrix in SO(3), one can find its Euler angle ((’ﬁl, 0, 1717)

R,
defined in section 2 given by (arctan ==, arccos h,

R
arctan( hm)). Therefore,

113 t33” 131
d . 9 ,dF, d ,db, ay,
oif = Ef(heg‘t)h:o = %f% le=0 + aef l|t 0 awf le=0 (15)
For g4, this is simple, since
hy = (@, 0, +1t). (16)

and the corresponding Euler angle is given by ((’ﬁ{, 5{,1731) = (@, 0,y + t). Therefore, d,is computed

directly as follows.
1= t=0 a<p t=0 ae t=055 = 3y

For g,, the computation would be harder.

(17

En Eu 613
hy = |hayy hapy hayy (18)
h231 h232 h233
where h~211 , h~212,521,522 are of no interest, and the other entries are given by h~213 =
sint (cos 6 cos P cos ¢ — siny sin @) + sin6 costcos @, h,,, = sint (cos O cos P sinp +
siny cos @) + sinBcostsin@, hy,, = —sin0costcos P —cosBsint, hy,, =sinfsiny, h,,, =
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cosBcost —sinfsintcosy and therefore dd—(? l¢=o = csc@siny, dd_th l¢(=0 = cos Y, i l¢=0 =
— cot 8 siny. Using these data, Eq. (15) shows that
. d d . ]
62—csc@sml//)v£+cosd)%—cotesmlpﬁ (19)
Similarly for g3, computing corresponding hs; ; finds that
a . d d
d5 ——csc9cos¢£+51ntp£+cot9cos¢£ (20)
Due to the computations above, the Laplace-Beltrami operator will finally be computed explicitly.
A=1@+ 3+ =2 (o sing 2+ o0 0l 0y 10 ()
T2 1 2 3/~ 6 86 sin sinZ @ 92 sin20 9pdy = sinZH g2

3.2. Egenfunctions of the Laplace-Beltrami operator on SO(3)

Before checking each entry of o,, defined in section 2 is indeed the eigenfunction of the Laplace-
Beltrami operator defined in this way, one should first note that A commutes with the right shift operator
Ry:C® (50 (3)) — C*(50(3)), where Ry f (h) = f(hg), and left shift operator Ly f(h) = f(gh), this
is the essential reason why this study introduce Laplace-Beltrami operator in this way. The proof is as
follows. By revisiting the definition of 8;, which is 9;(f (h)) = % f(hediY) |, one has by considering

f(t) = f(hed%") and using Taylor expansion,
1" 1nd

o 1
f(hesit) = F(t) = B t" o F(0) = (B0 = t" ) F(h) = (Sio = t70]) () (22)
By finding a parametrization g = egl“’egzeeglw , one can therefore write the right shift operator as
o 1 o 1 o 1
Rof(h) = f(hg) = f(he%9es20es¥) = (i o~ 9ol ) (Zizo= 070% ) (Zizo @"0L) F(h) (23)
and if one denotes Iv(f)(h) = f ~(h) = f(h™Y) the left shift operator as
o 1 -
Lof ) = (S0 s 0701 ) (Ze0m —0"0F) (Ziom —v70F ) () ) (24)
Here, Lie bracket is defined to be [X,Y] = XY — YX, where X and Y are tangent vectors of a lie
group. This means that XY = YX + [X,Y]. It is easy to see the properties [X + Z,Y] = [X,Y] + [Z,Y],
and [X,Y] = —[Y, X]. According to this definition, one can compute directly that
[01,0,] = —03,[0,,03] = —04,[03,01] = —0, (25)
Granted these data, one has
1
[4,01] =2 ([87,04] + [0,0,] + [95,8,]) = 0 (26)
Similarly, one has [A, 3,] = 0, [A, 03] = 0. Now, one can prove the commutativity between Laplace-
Beltrami operator and right-, left-shift operators

AR, f(h) = RyAf(h) (27)

and since

Alv(f(h) = Af (h(=, =6, ~¢)) = Iv(Af (h)) (28)
one therefore has
oo 1 nogn co 1 nagn o 1 nagn -1
Mlgf () = ((Bizo 5~ 0708 ) (Zizo 2 ~070% ) (Simo & —9"0 ) (AN ) (™) = LyAf(h) (29)
An observation of interest is that each entry of a matrix o,, defined in section 2 as a representation of
S0(3) is indeed an eigenfunction of the Laplace- Beltrami operator defined in this section. To start with,

1 9
Ap,(g) = (sme 5 Sin6 — pn(cos 9)) =- (—n(n + Dp,(cosh)) (30)
The last equality is due to the recurrence relation of Legendre polynomials. Now one can compute

the Laplacian of o,/ (g) directly as follows.

Ao (g) = o5 (9) (31)

The first and third equality is the formula (7) and (6) respectively. Then the commutativity of

Laplace-Beltrami operator and left-/right- shift operator is used to get the fifth equality. Finally, the Eq.
(30) is used at the sixth equality.

n(n+1))
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4. Solutions to the differential equations using Laplace-Beltrami operator & Fourier analysis

4.1. Solutions to the Poisson’s equation
Poisson’s equation is defined to be Au(g) = f(g), since 3-dimensional manifold SO(3) has no
boundary. Then, according to Egs. (8) and (9), one has

MY o(2n + Dr(2(m)oa(9)) = Tie(2n + Dtr (f(n)on(9)) (32)
However, since the tr(ho,(g)), which represents the trace of the matrix ho,(g), is a linear
combination of entries o,; (g) for all (2n + 1) X (2n + 1) matrices

ATZ o(2n + Dtr(2(n)on(9)) = Loo(2n + tr (( nnt1) A(n)onag)) (33)

Because the Fourier expansion is unique, one gets

ﬁ(n) - n(n+1)f(n) (34)
then
B = Tizo(2n + Der (f()on(9)) = f (35)
So, a solution of Au = f is given by
o 2
u =Yg o(2n + D <(—) Jsocs) f @0k (9)dg on<g)> (36)
One may further define
o 2
P(g) = Tizuo@n + D= tr(0n(9) (37)
and by computations in Dym’s Fourier Analysis [5], the trace is
Sm((zn+1)6)
tr(on(9)) = ——3— (38)

sm
2

where 0 is the parametrization of g(¢, 8,1). Therefore, ®(g) is constant on each double cosets, and an
explicit expression is given by

Sin((Zn;d)e)
q)(g) - Zn O(Zn + 1) n(n+1) sing (39)
Recalling in section 2, one has proved that (f1 £>) = f>fi. By utilizing this equation,
u(g) = Tiz-o(2n + 1)tr( = fn )on(g)> = (@ +f)(g) (40)

4.2. Applications to the partial differential equations on S*
A remarkable application of the Fourier analysis on SO(3) is that if one restricts the functions to be
constant on the cosets gK, where K = {h € SO(3)|h = h(0,0,1)}, then there is an identity between
functions on spheres and functions defined this way. Here, the identity will be denoted together with the
identification map j defined by j(g) = gn = (sin 6 cos ¢, sin 8 sin ¢, cos 8) = x:
fr(x) = f*(sinf cosp,sinBsing,cos8) = f*(j(9)) = f(g) = [ f(gk)dk  (41)
One can show that the Laplace-Beltrami operator A defined in this passage acting on each f* has the

similar effect (with a constant %) as the spherical Laplacian defined below:
1 0 7] 1 92
S~ sin6 96 1n9£+ 5111266_1/)2 24 (42)

cosf 02
sinZ 8 dpay

This is simply because f is constant on the parameter 1, and therefore the terms —2

570 997 disappear. One can therefore utilize the Fourier transform defined in this passage to solve

differential equations. A solution to the Poisson’s equation Agu*(x) = f*(x), will be computed on
S0(3) by considering 2Au(g) = f(g). As computed in section 4.1,
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u(g) = 2 (@ * )(9) = Jyo 5 Tio(@n + D= 1r(0,(gh™)) f(W)dh  (43)

therefore, if one sets x = j(g), and y = j(h(yp, 6, 0))
w' () = u(g) = fiz (Ji Zizo(2n + 1)

Here, one may compute f Yr=o(Zn+1)-

( +1)

n( —tr(on(gkIh™)) dk) f*()do(y)  (44)
tr(on (gk_lh_l))) dk directly, since by normal

( +1)
parametrization,

g = h(<P1'91,0): k = h(0,0,9), h~t = h(—,—6,—@) (45)
and the integration fK flgk)dk = fK f(gk'k)dk, for k' € K. Through the matrix multiplication, one

gets the parametrization 8 = arccos(cos 6 cos 8 + cos sinf; sin#). One may therefore get the
Green’s function

1 2 (2n+1) Sin((2n+1) arccos(cos 01 cos f+cos sin O sin 0))
™ n
CD*(X((pl, 91)! y((pr 9)) = Efo Z?lo=0 - Sir‘arccos(cos 64 cos 02+c051psin 61 sin 0) dll] (46)

n(n+1) s

and the solution is given by u*(x) = ﬁ . 52 @*(x,y) f*(¥)da(y). This seems to be the best one can do.

5. Limitations & prospects

The parametrization in this passage is fixed to be the Euler angle of a rotation matrix. However, this

parametrization is not perfect because it’s not bijective when 8 = 0, since in this case the matrix would

look like

cosgp —sing 0 cos(@+yY) —sin(p+y) 0

sing cos @ sinyy cosyp O|=|[sin(p+y) cos(p+y) 0 (47)
0 0 1 0 0 1 0 0 1

In this case, one cannot get the corresponding Euler angle using formula (¢,0,y) =

(arctanh ,arccos hs3, arctan(— 2)), from which this study has derived the Laplace-Beltrami
13 31

operator. From this point of view, a more reasonable parametrization is to use quaternions. However, the
symmetry that the Euler angle possesses may not appear in the case of quaternions. The fact that the
Laplace-Beltrami operator defined in this passage commutes with left- and right-shift operators still

cosy —siny 0]

need to check the convergence of (Z;‘fzo % tna?), and the validity of interchanging limit operator and

Laplace-Beltrami operator. Solutions to the differential equations given in this passage are based on the
assumption that the solution actually exists, so the existence of such solutions remains to be proved. It
is totally probable that one can find other expansions for different differential operators, just like when
handling second-order elliptic equations in Euclidean spaces. Indeed, throughout the texts, the most
discovers relative to the Laplace-Beltrami operator is left- and right-shift invariant, and the fact that
Legendre polynomial is an eigenfunction of the Laplace-Beltrami operator defined this way in the space
of double cosets. If a new differential operator is in consideration, one may also find an eigenfunction
in K/SO(3)/K, and one only needs this differential operator to be commutative with left- and right-shift

operators on K /SO(3)/K, rather than the whole SO(3), to make every o,; constructed similarly be the
eigenfunction of this differential operator. Therefore, more solutions to the differential equations on
50(3) will also appear to give a solution to the associative differential equations on S2. In general, this
study is only an explicit analysis on SO(3), and doesn’t give any generalization of explicit
representations of higher dimensional Lie groups, or arbitrary manifolds. Indeed, one needs very strong
symmetries, such as in this passage, that the space of double cosets is commutative, and the Laplace-
Beltrami operator would be the same if one interchanges ¢ and .

6. Conclusion

In summary, this study focused on the explicit expression of Laplace-Beltrami operator on SO(3) and
its relation with Fourier analysis, which have given a fruitful result in solving differential equations.
first noticed that using Fourier expansion, the algebra of convolutions is converted into the algebra of
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multiplications, which gives the fundamental solutions to the differential equations. Then, Laplace-
Beltrami operator was defined with the help of Lie groups. the analysis of the Laplace-Beltrami operator

showed its left- and right-shift invariant properties, resulting in the deduction that o,] are eigenfunctions
of the Laplace-Beltrami operator. There are still limitations considering the parametrization is not
bijective, and the analysis in this passage is not general enough to cover all linear or semi-linear second-
order differential equations. Nevertheless, it is still hopeful to construct more general Fourier analysis
as a machinery to solve more differential equations, and even give them explicit solutions. This is still
a long way to go, but one may find some instructive analysis, including the construction of the Laplace-
Beltrami operator in this study, and continue to provide deeper results.
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